On the basis of gravity and radar observations with the Cassini spacecraft, the moment of inertia of Titan and the orientation of Titan's rotation axis have been estimated in recent studies. According to the observed orientation, Titan is close to the Cassini state. However, the observed obliquity is inconsistent with the estimate of the moment of inertia for an entirely solid Titan occupying the Cassini state. We propose a new Cassini state model for Titan in which we assume the presence of a liquid water ocean beneath an ice shell and consider the gravitational and pressure torques arising between the different layers of the satellite. With the new model, we find a closer agreement between the moment of inertia and the rotation state than for the solid case, strengthening the possibility that Titan has a subsurface ocean.
Introduction
On the basis of Cassini radar images, [6] and [7] precisely measured the orientation of the rotation axis of Titan. Using the orientation of the normal to the orbit of Titan given in the IAU recommendations (Seidelmann et al. 2007 ), they determined the obliquity to be about 0.3 • . They also showed that the rotation axis makes a small angle of about 0.1 • with respect to the plane defined by the normal to the Laplace plane and the normal to the orbit and, as a result, they stated that Titan is close to the Cassini state.
From Cassini radio tracking, the quadrupole field of Titan has been found to be consistent with a body in hydrostatic equilibrium with a moment of inertia C/M R 2 = 0.3414 ± 0.0005 [4] . However, in a study of the Cassini state generalized to a multi-frequency orbital node precession in which Titan was considered as an entirely solid body, [2] found that the 0.3 • obliquity implies a moment of inertia of C = 0.55M R 2 , which is not only inconsistent with the above hydrostatic value of the moment of inertia but would also imply a physically implausible interior structure with higher mass density towards the surface than towards the center. In their conclusion, the authors proposed that a liquid ocean could partially decouple the shell from the interior.
The obliquity of the Cassini sate, which is an equilibrium orientation of the rotation axis of a synchronous satellite, can be derived from angular momentum equations in much the same way Table 1 -Orbital theory of Titan and solid Cassini state : columns 2 to 5 : Amplitudes, frequencies, periods, and phases of the orbit precession adapted from [11] . They give the orbital precession in the equatorial plane of Saturn and used J1980 as the time origin. Here we consider the Laplace plane and J2000 time origin. The Laplace plane has a node of 184.578 • and an inclination (also called tilt) of 0.6420 • with respect to the equatorial plane of Saturn. Since the tilt is small, the frequency and amplitude of the orbital precession are almost the same with respect to the Laplace plane as to the equatorial plane of Saturn. The x-axis of the Laplace place is taken as the node of the Laplace plane on the equatorial plane of Saturn. The obliquity amplitudes and resonance factors (f r j ) of the solid Cassini state model presented in Section 3 are given in the last two columns. as for the periodic variations about its equilibrium rotation rate, but with different assumptions concerning the timescales involved (long timescales for the obliquity and short timescales for the length-of day variations). The influence of a global liquid layer on the LOD variations of Titan and on the librations of the Galilean satellites was investigated in [9] and [1] , respectively. Here, we extend their method, considering the appropriate timescales, to the Cassini state. By considering the gravitational and pressure torques between the different layers of the satellite, we show that the orientation of the rotation axis given in [6] can be partially reconciled with the moment of inertia given in [4] .
The Cassini state for a solid Titan
In the classical Cassini state, the rotation axis, the normal to the orbit, and the normal to the Laplace plane of a synchronous solid satellite remain in the same plane since the rotation axis has the same constant precession rate as the normal to the orbit about the normal to the Laplace plane, which is, by definition, the mean orbital plane of the satellite. The obliquity is then the constant angle between the rotation axis and the normal to the orbit.
To be able to develop the Cassini state in the presence of a liquid subsurface ocean, we first present the generalization of the Cassini state of a solid Titan to a multi-frequency node precession, following [3] . Neglecting wobble, the rotation axis coincides with the principal axis of the polar moment of inertia C and the angular momentum equation is
whereŝ = (s x , s y , s z ) andn = (n x , n y , n z ) are the unit vectors along the rotation axis and the normal to the orbit, expressed in coordinates (x, y) of the Laplace plane and z along the normal. In addition, M and R are the mass and mean radius, C 20 and C 22 are the second-degree gravity field coefficients, A is the smallest moment of inertia, and n T is the mean motion, equal to the rotation rate, of Titan. The right-hand member is the gravitational torque (averaged over the orbital period) exerted by Saturn. The vectorial equation is then projected on the Laplace plane, where the motions of the projected rotation axis and orbit normal are easy to parametrize
with S = s x + Is y and N = n x + In y , I = √ −1. Equation (2) is correct up to the first order in small obliquity, eccentricity and inclination (see Eq. (46) of [3] in which a sign has been corrected). We first assume that the orbital precession N , which causes the rotation axis precession, is zero in order to get the free spin precession mode whose frequency ω f depends only on the physical properties of the satellite
To compute the forced solution, the orbital precession is written as a series expansion
where the inclination amplitudes i j , frequenciesΩ j , and phases γ j associated with the node precession of the orbit with respect to the Laplace plane have been taken, up to j = 4, from [11] and are given in 
where, correct up to the first order in ε j and i j , the obliquity amplitude ε j associated with the frequencyΩ j is given by
The obliquity ε at any time is the non-constant angle between the rotation axis and the normal to the orbit and oscillates between two extreme values ε min and ε max such that
In this generalization, the normal to the Laplace plane, the normal to the orbit, and the rotation axis are not coplanar and the small angular deviation δ of the spin axis with respect to the plane defined by the other axes is
Since the frequency ω f is positive, ω f +Ω j can be close to zero ifΩ j < 0, and the coefficient ε j can be amplified by a resonance. ForΩ j < 0, we define "resonance factors", f r j , which describe the amplification of ε j caused by the resonance and are close to one far from resonance, given by
For C 20 = −31.808 × 10 −6 , C 22 = 9.983 × 10 −6 , and C = 0.3414M R 2 , the resonant factors f r j are close to one because the free mode period is 191.91 years. Therefore, no significant resonant amplification (see Table 1 ) occurs and the obliquity variations are small. The obliquity ε of about 0.12 • , and the maximal deviation δ of about 0.02 • (Fig. 4) are inconsistent with the results of [6] .
3 Titan with a liquid ocean
A new Cassini state solution
We now assume that Titan consists of four homogeneous layers : an ice shell (sh), a liquid ocean (o), an ice mantle (m), and an ice/rock core (c). The solid layer composed of the mantle and the core is also called interior (in) hereafter. The shell and the interior are considered to behave rigidly. For the solid layers, the angular momentum vector H l can be written as the product of the polar moment of inertia C l and the rotation vector n Tŝl . The angular momentum equations take the form
where the external gravitational torque exerted by Saturn on layer (l), Γ l,ext , is equal to − V l ( r ∧ ρ j ∇W ) dV , where W is the gravitational potential of Saturn averaged over the orbital period, r is the position vector of the points located inside the volume V l of layer (l), and Γ l,int is the internal gravitational torque due to layers with a different orientation than layer (l). The liquid ocean induces pressure torques at the interfaces between the solid layers and the ocean. As we shall see later, the pressure torques can be interpreted as a modification of the external and internal gravitational torques and are therefore denoted by Γ 
We divide the ocean into a top part and a bottom part, respectively, above and below an arbitrary chosen sphere inside the ocean. The pole axes of the top and bottom parts are those of the shell and the interior, respectively, and
where (C o,t − A o,t ) and (C o,b − A o,b ) are the moment of inertia difference of the top and bottom part, respectively. For the long timescales considered here, it is a very good approximation to assume that the fluid is in hydrostatic equilibrium, therefore W induces a pressure P ext in the ocean such that ∇P ext = −ρ o ∇W . The modification of the external torque on the interior because of the pressure is, applying Gauss' theorem,
where r is the position vector of the points located inside the volume V in of the interior. It then follows that
In the same way, the modification of the external torques on both the shell and the ocean because of the pressure effect are
By using Eq. (16), we see that Γ o,ext + Γ p o,ext = 0, which is a consequence of hydrostatic equilibrium. Two layers with different obliquities and coincident axes of the moment of inertia B (on average, as a consequence of the Cassini state) exert a gravitational torque on each other tending to align their pole axis with each other. This internal gravitational torque on any layer (l) is given by
where Φ is the internal gravitational potential, averaged over the orbital period, of the layers with a different obliquity than layer (l). From [8] , we express the torque on the interior due to the shell and the top ocean and the torque on the shell caused by the misalignment with the bottom ocean and the interior as
where α and β are the polar and equatorial flattenings, defined as the relative differences ((a + b)/2 − c)/(a + b)/2) and (a − b)/a, respectively, with a > b > c the radii in the direction of the principal axes of the layers. For the ocean, we sum the torques on the top and bottom parts
The potential Φ induces a pressure P int in the ocean (∇P int = −ρ o ∇φ) that modifies the internal gravitational torque on the interior
Because of the similarity between Eq.(25) and Eq.(21) and by using Eq.(23), we have
In the same way as for the interior, we have
for the shell. Therefore, Γ sh,int + Γ p sh,int + Γ in,int + Γ p in,int = 0. Since the sum of all internal torques must be zero, we have that Γ o,int + Γ p o,int = 0 and that the total torque on the ocean is zero. Therefore, we only need to consider the angular momentum equations for the shell and the interior, given by Eqs. (11) and (13). By introducing
the system of angular momentum equation for the shell and the interior, projected onto the Laplace plane, is
The two free modes of the system correspond to 'coupled' (with the frequency ω + ) and 'decoupled' (ω − ) modes in which the shell and the interior oscillate in the same and opposite directions, respectively, such that
For the orbital precession given by Eq.(4), we have, correct up to the first order in inclinations and obliquities, the forced solution for the spin positions For comparisons with the observation, we define the shell obliquity (ε sh ), its minimum and maximum values (ε max,sh , ε min,sh ), the deviation (δ sh ), and two resonance factors (f r ± j ), which describes the amplification of ε j,sh/in ifΩ j < 0 and ω ± + Ω j is close to zero, in the same way as for the solid case (Eqs. (7), (8), (9) and (10)).
Numerical results
The IAU orbit orientation used in [6] is less precise than their determination of the rotation axis orientation and is the main source of error in the obliquity and deviation calculation. By comparing the IAU orbit orientation with those derived from the ephemerides of the JPL HORIZONS system and of the TASS1.6 ([11]), we estimated the obliquity to be ε = 0.32 ± 0.02 • and the deviation to be δ = 0.12 ± 0.02 • .
We evaluate the solution for a representative range of hydrostatic interior structure models with homogeneous layers of constant density that are constrained by the observed mass and radius (see Table 2 ). The moments of inertia of the layers depend on the polar and equatorial flattenings due to rotation and static tides that are computed from the Clairaut equation, assuming hydrostatic equilibrium. Among these models, we retain those that have a moment of inertia consistent at the 3σ level with the estimated value of 0.3141 ± 0.0005 of [4] .
The periods of the free modes (T ± = 2π/ω ± ) and the shell obliquity amplitudes ε j,sh as a function of the moment of inertia for the interior models are shown in Figs. 1 and 2 , respectively. Far from the resonances (f r 1,2,4 1), the shell obliquity is below 0.15 • . Therefore, a significant resonant amplification of at least one of the ε j,sh is needed to obtain a time-variable obliquity that can be as large as the observed one ([ε max,sh ; ε min,sh ] ∩ [0.32 • − 3σ; 0.32 • + 3σ] = ∅). Some interior models have T + close to the opposite of the period ofΩ 1 or T − very close to the opposite of the period ofΩ 4 and have a resonant amplification of ε 1,sh or ε 4,sh , respectively, that enables a sufficiently large obliquity value. These interior models are indicated by red and green dots in Figs. 1 and 2 , which show that a specific interior model cannot be close to both resonances. Given our range of interior models (see Table 2 ), some models have the same moment of inertia, but not necessarily the same free mode period, and form vertical lines in Fig. 1 . Because of the large number of retained interior models, these vertical lines cannot be easily distinguished, except for those appearing as peaks on the graph of T + and corresponding to models with the same h s , R c , ρ m , ρ o , and ρ s , such as ρ o = ρ m , and with different R m . One can show that T + is approximately proportional to C i for these models and is larger for larger R m . The interior models at the top of the peaks (red dots), hereafter called class 1 models, are of interest because their shell obliquity can reach the observed value of the obliquity, as a result of a resonant amplification of ε 1,sh . These models are characterized by a very large interior Figure 1 -Periods of the 'coupled' (T + ) and 'decoupled' (T − ) free modes as a function of the moment of inertia, for our range of interior models. The blue horizontal lines represent the opposite of the first and the fourth orbital periods. Some interior models have T + close to 703.51 years and other interior models have a period T − very close to 29.46 years, leading to a resonance. The red and green dots are the interior models that, thanks to a resonant amplification of ε 1,s or ε 4,s , can reach a shell obliquity as large as the observed one (see also Fig. 2 ).
radius of 2525-2550 km, a thin ice shell (5-30 km thickness), and a thin ocean (5-45 km thickness). Interior models that can reach the observed obliquity through a resonant amplification of ε 4,sh (class 2 models) are more diverse than the models of the first class. They are characterized by a thicker ice shell (from 150 to 200 km), an ocean of from 5 to 425 km in thickness, an ice mantle of from 10 to 590 km in thickness and a core radius of between 1800 and 2070 km. Table 3 In addition to the obliquity, the deviation of the shell rotation axis from the plane defined by the orbit and Laplace plane normals (see Eq. (9)) has to be consistent with the observations. With a small deviation of 0.03 • at best, the class 1 models cannot explain the observed deviation of about 0.12 • . The deviation reported by [6] can be seen as an averaged position of the rotation axis during the period of coverage of the analysed radar observations (from Oct 26 2004 to Feb 22 2007), during which model 2 has a deviation smaller than 0.12 • . This is true for all the models of class 2 with a positive ε 4,sh , because the deviation depends mainly on the ephemerides, particularly on the phases of the orbital precession. We would need to add about 15 • and 45 • to γ 4 to obtain the correct deviation at time Oct 26 2004 and Feb 22 2007, respectively. However, a comparison of TASS1.6 with a series expansion fitted on the ephemerides of the JPL HORIZONS system convinced us that the phase γ 4 in TASS1.6 is correct up to a few degrees. The series expansion given in [11] is incomplete and additional terms with smaller amplitudes exist (up to j = 21, [10] ). With those additional terms, some internal models that are consistent with the moment of inertia can account for both the estimated obliquity and deviation, thanks to a combination of a very close resonance between ω + andΩ 14 = −2π/578.73y, besides the further resonance withΩ 1 , discussed before. However, this very close resonance seems implausible because of the small fraction of suitable internal structure models. Figure 3 -Projection of the normal to the orbit (blue) and of the rotation axis on the Laplace plane (black for the solid case, red for model 1 and green for model 2) over the period of the main precession, beginning at J2000 (thin curves) and over the observation period of [6] (thick curves). The "+" marker is the projection of the rotation axis measured by [6] . (Unit of the graph is radian.) Figure 4 -Shell obliquity ε sh (left) and deviation δ sh (right) over 30 years beginning on J2000 (black for the solid case, red for model 1 and green for model 2). The vertical blue lines show the observation period of [6] and the blue boxes represent our estimated obliquity (0.32 • ± 3σ) and deviation (0.12 • ± 3σ).
Discussion and perspectives
Since we have found a better consistency between the measured and computed positions of the rotation axis with our model than in the solid case, assuming that Titan is locked in the Cassini state, our study is an indication of a possible water ocean layer beneath the surface of Titan.
For two classes of interior models with a liquid water ocean beneath an ice shell, the obliquity computed with our new Cassini state model can be as large as the observed one. However, we rejected the first class of models with a very thin ice shell and a shallow liquid ocean since a thin shell implies high temperatures and therefore, according to the water phase diagram, a thick ocean. On the other hand, models of class 2 are possible but can be quite different so that the estimated obliquity and moment of inertia do not provide accurate constraints on the interior structure.
The theoretically predicted deviation of the rotation axis with respect to the plane defined by the orbit and Laplace plane normals is inconsistent with the observations. We have shown that the use of ephemerides extended to additional frequencies could solve this problem, but only for a small fraction of the rejected class 1 models. Another explanation is that Titan may be slightly offset from the Cassini state because of a recent excitation. However, other explanations extending our Cassini state model might be tested. We have neglected the viscosity at the ocean boundaries because we have assumed that the timescale on which the viscosity is effective is greater than the timescale of the node precession of Titan. We have also neglected the polar motion induced by the atmosphere and the resulting variations in the rotation axis orientation in space since they are expected to have a very small amplitude compared to Titan's obliquity. Although the deformation of the ice shell has not been included, our new Cassini state model is a first step towards a more realistic model of the obliquity of an icy satellite with an ocean. 
